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Test for reality of algebrai funtions
S.M.Natanzon
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In this paper I prove the next armation
Theorem 1. 1) A omplex algebrai funtion on a real algebrai urve with real points is
equivalent to a real algebrai funtion, if and only if the divisor of preimage of its ritial
values is stable under the involution of omplex onjugation. 2) A omplex algebrai
funtion on a real algebrai urve without real points is equivalent to a real or pseudoreal
algebrai funtion, if and only if the divisor of preimage of its ritial values is stable
under the involution of omplex onjugation.
The proof uses representations of algebrai funtions by Fuhsian groups as [N1,
N(set.1.6)℄. It is interesting to ompare this theorem with a onjeture of B. and M.
Shapiro. It states, that a omplex algebrai funtion is equivalent to real, if all its ritial
points are real. Proofs of speial ases of this onjeture, when genus and degree satisfy
deg(f)2− 4 deg(f)+ 3 < 3g or deg(f) ≤ 4, are results of papers [EG1,EG2, ESS, DEISS℄.
Let us express our theorem in term of Riemann surfaes. A real algebrai urve is
equivalent to a pair (P, τ), where P is a ompat Riemann surfae (the set of omplex
points of the urve) and τ : P → P is an antiholomorphi involution (the involution of
omplex onjugation). Fixed points of τ are real points of the real algebrai urve[AG℄.
A omplex algebrai funtion on a real urve (P, τ) is a holomorphi map
f : P → Cˆ = C ∪ ∞. The number ordp is alled the number of ramiation of
f in p ∈ P , if f(z) = zordp in some loal map z : U → C, where z(p) = 0.
The points ΣP = {p ∈ P | ordp > 1} form the set of ritial points. Its image
Σ
Cˆ
= f(ΣP ) ⊂ Cˆ form the set of ritial values. Let us onsider the preimage of ritial
values ΣP Cˆ = f
−1(Σ
Cˆ
) ⊂ P and its divisor Σ(f) =
∑
p∈Σ ordp p
Funtions f and f˜ are alled equivalent if f˜ = gf for g ∈ Aut(Cˆ). A omplex alge-
brai funtion is alled real, if f(τ(p)) = f(p), and pseudoreal if f(τ(p)) = − 1
f(p)
[N2,
N(set.3.4)℄.
Let us illustrate this denitions by example. Consider a polynomial F (x, y) with
real oeients. Then the ane real algebrai urve F (x, y) = 0 generates the pair
(PF , τF ), where PF is a regularization for omplex points {(x, y) ∈ C
2|F (x, y) = 0} of
the urve and τF (x, y) = (x¯, y¯). The set of real points of the real urve is the losure of
{(x, y) ∈ R2|F (x, y) = 0}. Complex algebrai funtions are generated by restritions of
omplex polynomials G(x, y) on {(x, y) ∈ C2|F (x, y) = 0}. The funtion is real if and
only if the polynomial G(x, y) has real oeients.
Thus, theorem 1 is equivalent to
Theorem 2. Let P be a ompat Riemann surfae, f : P → Cˆ be a holomorphi map,
τ : P → P be a antiholomorphi involution. Then τΣ(f) = Σ(f), if an only if gfτ = gf
or gfτ = − 1
gf
for g ∈ Aut(Cˆ), and, moreover, gfτ = gf for {p ∈ P |τp = p} 6= ∅.
Proof. It is obviously that τΣ(f) = Σ(f) follows from gfτ = gf and gfτ = − 1
gf
. We
use the indution by the degree deg(f) in order that to prove that τΣ(f) = Σ(f) generate
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gfτ = gf or gfτ = − 1
gf
. The theorem is obviously for deg(f) = 0. Let deg(f) > 0 and,
thus, Σ(f) 6= 0. Consider an uniformisation Λ → S of S = Cˆ \ f(Σ(f)) by a Fuhsian
group Γ on Λ = {z ∈ C|Im(z) > 0}. Then a subgroup Γ˜ ⊂ Γ uniformises the Riemann
surfae P˜ = P \ f−1(f(Σ(f))). The involution τ is generated by an antiholomorphi map
τˇ : Λ→ Λ, where τˇ Γ˜τˇ−1 = Γ˜.
Consider x ∈ Σ(f). Let xˇ ∈ R be the xed point of a paraboli automorphism γ˜ ∈ Γ˜,
that orrespond to punture x. Then the stationary subgroup Γ˜xˇ = {γ ∈ Γ˜|γ(xˇ) = xˇ} is a
subgroup of index ordx(f) > 1 of Γxˇ = {γ ∈ Γ|γ(xˇ) = xˇ}. Thus, using τΣ(f) = Σ(f) we
have τˇ Γ˜xˇτˇ
−1 ⊂ Γ˜ and τˇΓxˇτˇ
−1 ⊂ Γ. Moreover, the ondition τΣ(f) = Σ(f) is equivalent
to oinidene of indexes of stationer subgroups [Γx˜ : Γ˜x˜] = [Γτˇ(x˜) : Γ˜τˇ(x˜)] for all xed
points x˜ of paraboli automorphisms from Γ˜.
Let Γˆ ⊂ Γ be the subgroup, generated by Γ˜, Γx˜ and τˇΓxˇτˇ
−1
. It ontains Γ˜ as a proper
subgroup. Moreover, τˇ Γˆτˇ−1 = Γˆ and [Γx˜ : Γˆx˜] = [Γτˆ(x˜) : Γˆτˆ(x˜)] for all xed points x˜ of
paraboli automorphisms from Γˆ.
Consider Pˆ = Λ/Γˆ. The inlusions of groups Γ˜ ⊂ Γˆ ⊂ Γ generate the overings
Λ → P˜
ψ˜
→ Pˆ
ψˆ
→ S. These overings generate holomorphi maps of ompat surfaes
P
ϕ
→ P˙
ϕ˙
→ Cˆ after gluing of puntures. Moreover, f = ϕ˙ϕ, and deg(ϕ˙) < deg(f).
The involution τˇ generates an antiholomorphi involution τ˙ on P˙ . Moreover, ϕτ = τ˙ϕ,
and τ˙Σ(ϕ˙) = Σ(ϕ˙). Therefore, by indutive hypothesis ϕ˙τ˙ is equal to gϕ˙ or − 1
gϕ˙
for
g ∈ Aut(Cˆ). Thus, the funtion fτ = ϕ˙ϕτ = ϕ˙τ˙ϕ is equal gϕ˙ϕ = gf or − 1
gϕ˙ϕ
= − 1
gf
. It
is follow from [N2,N(set.3.4)℄, that {p ∈ P |τp = p} = ∅ in the last ase.
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